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Multiple-speed centrifuge measurement is a standard technique for obtaining the
compressi®e yield stress of concentrated suspensions. Con®erting the centrifuge data into
a compressi®e yield stress ®s. ®olume fraction cur®e is an in®erse problem. The problem
is ill posed in the sense that noise in the data is likely to be amplified if inappropriate
data processing methods are used. A method based on Tikhono® regularization is ap-
plied to sol®e this in®erse problem. An added complication of centrifuge measurement is
the interface between the uncompressed and compressed layers in the centrifuge tube.
This interface is not measured and has to be treated as a free boundary. A computation
scheme for locating this free boundary is incorporated into the Tikhono® regularization
procedure. This new way of processing centrifuge data is assessed by applying it to
synthetic data and to laboratory data. Problems caused by small or noisy data sets are
discussed.

Introduction
A frequently encountered step in the processing of mineral

and colloidal suspensions is the dewatering of such suspen-
sions to increase the volume fraction � of solids. Dewatering
can be carried out, for example, in thickeners or filter presses.
One of the key material properties that controls the extent to
which dewatering of a suspension can be achieved is its com-

Ž .pressive yield stress p Buscall and White, 1987 . It is aY
measure of the strength of the structure formed by the solids
in the suspension. p normally increases monotonically withY
�. There are a number of experimental methods for the de-
termination of the compressive yield stress as a function of

Ž .volume fraction p � . These include the multiple-speedY
Žcentrifuge measurement Buscall, 1982; Buscall and White,

. Ž1987 , the centrifuge concentration profile method Berg-
.strom et al., 1992 , and the constant pressure filtration test¨

Ž .Miller et al., 1996; Green et al., 1998 . Green and Boger
Ž .1997 compared the performance of these methods. The
present investigation is concerned with the treatment of the
experimental data generated by multiple-speed centrifuge
measurement.

Correspondence concerning this article should be addressed to Y. L. Yeow.

Ž . Ž .Buscall 1982 and Buscall and White 1987 derived the
governing equations of dewatering in centrifuges. Their equa-
tions are in terms of particle pressure p, compressive yield
stress p , and volume fraction �. These authors also out-Y
lined the key steps and some of the approximations that can

Ž .be made for extracting the material property function p �Y
Ž .from centrifuge data. More recently, Green et al. 1996 de-

scribed a computational procedure for doing this. Their pro-
cedure requires the differentiation of the experimental data.

Ž .This can be taken as an indication that extracting p � fromY
centrifuge data is an inverse problem and is ill posed in the
sense that results are very sensitive to the noise in the data
Ž . Ž .Engl et al., 2000 . The findings of Green et al. 1996 have
confirmed this.

There is a group of numerical methods, often referred to
Žby the general name regularization methods Engl et al.,

.2000 , that are designed specifically for ill-posed inverse
problems. These methods are more effective than conven-
tional methods in coping with the unavoidable noise in exper-
imental data. This has motivated the re-examination of the

Ž .problem of extracting p � from the centrifuge data withY
regularization methods in mind. In this article the problem of
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Figure 1. Separation in a centrifuge tube.
Ž . Ž .a Initial condition; b at equilibrium.

Ž .solving for p � is first reduced to one of finding the solu-Y
tion of a Volterra integral equation of the first kind. This
equation reveals explicitly the inverse and ill-posed nature of

Ž .the problem. Tikhonov regularization Engl et al., 2000 is
Ž .then used to extract p � from the centrifuge data. SinceY

the ill-posed nature of the problem has been taken into con-
sideration there are good reasons to expect the resulting

Ž .p � to be more reliable. Furthermore, as Tikhonov regu-Y
larization does not involve differentiation of experimental
data, it has the added advantage of simplifying the computa-
tional steps.

In multiple-speed centrifuge measurement, the centrifuge
tube is filled to a height of h with the suspension under0
investigation. The initial volume fraction of solids of the sus-
pension is denoted by � . See Figure 1. The centrifuge is0
spun at a series of increasing speeds. At any rotational speed,
after equilibrium has been reached, the contents in the tube
separate into three zones. Topmost in the tube is a layer of
clear supernatant liquid. Below this is a layer of uncom-
pressed solids at the original volume fraction � . This is fol-0
lowed by a layer of compressed solids where the volume frac-

Ž . Žtion � z increases towards the bottom of the tube Buscall
.and White, 1987 . In normal centrifuge measurement, the lo-

cation of the interface between the supernatant liquid and
the uncompressed zone h is measured, but that betweeneq
the uncompressed and compressed solid layers z� is not. It is
necessary to know the exact location of this second interface

Ž .in order to compute the p � curve. This second interfaceY
thus becomes a free boundary of the problem and has to be
determined during the solution of the integral equation of
the first kind. For this purpose, a computational scheme with
the unknown compressive yield stress p at the initial volume0
fraction � as the free parameter has been developed. This0
scheme is incorporated into the Tikhonov regularization

Ž . Žcomputation to determine p � . The L-curve method EnglY
.et al., 2000 is then applied to select the most appropriate

value of p .0
To assess its performance, the procedure based on

Tikhonov regularization is first applied to solve the inverse
problem of centrifuge measurement with synthetic data.

Gaussian noise is imposed on these data to test the effective-
ness of Tikhonov regularization in noise handling. Testing
with synthetic data also allows the effects of the regulariza-
tion parameter introduced by Tikhonov regularization on the

Ž .final p � curve to be investigated. Tikhonov regularizationY
is then used to process a typical set of laboratory data taken
from the recent literature. Centrifuge data sets are often very
small and may have relatively high noise level. For such cases,
direct application of Tikhonov regularization may not result

Ž .in a physically meaningful p � curve. To deal with theseY
difficult situations, augmenting the data set andror pre-filter-
ing the experimental noise are investigated.

Centrifuge Measurement
and the Governing Equations
Experimental data

In multiple-speed centrifuge measurement, the experimen-
tal results take the form of a set of equilibrium heights heq
vs. rotational speeds �, or equivalently, centrifugal accelera-

Ž . Ž . Ž . Žtions g data points: h , g , h , g , h , g . . . h ,eq1 1 eq2 2 eq3 3 eq ND
.g s g . N is the number of data points. In many practi-N max DD

cal situations N can be as small as 5 to 10. g , the accelera-D i
tion at the base of the centrifugal tube for the ith data point,
is related to the corresponding rotational speed � by g si i
� 2R. R is the distance between the base of the tube andi
center of the centrifuge. Other experimental data needed in
the computation of the compressive yield stress are the den-
sity difference � � between the suspended solid and the sus-
pending liquid, the uniform volume fraction of solids � in0
the original suspension and the corresponding initial height
of the suspension h . The compressive yield stress p at �0 0 0

Ž .is generally not known beforehand. p , � forms the lower0 0
Ž .endpoint of the required p � curve. Experimental detailsY

of multiple-speed centrifuge measurement can be found in
Ž .Buscall 1982 .

Go©erning equations
Ž .At equilibrium, the particle pressure p z and volume frac-

Ž .tion � z , in both the uncompressed and compressed layers,
Ž .are related by Buscall and White, 1987

dp z
sy� g� � 1y . 1Ž .ž /dz R

Equation 1 is the result of force balance. The z coordinate is
Ž .in the opposite direction to g. zs0 see Figure 1 is the base

Ž .of the centrifuge tube. In the compressed layer p z is the
Ž .compressive yield stress p z at the corresponding local vol-Y

Ž .ume fraction � z . The subscript Y for compressive yield
stress will be omitted except in situations where an omission
may lead to ambiguity. In the uncompressed solid layer the
particle pressure generated by centrifugal acceleration is in-
sufficient to bring about any dewatering. Consequently � re-
mains constant at � throughout this layer.0

The two unknowns of the inverse problem of centrifuge
measurement are p and � as a function of height z. A sec-
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ond equation is needed. This is provided by material balance

z�
h heq eq

� z dzs � z dzq � z dzŽ . Ž . Ž .H H H
�zs 0 zs 0 z

z�

�s � z dzq h y z �Ž . Ž .H eq 0
zs 0

sh � . 2Ž .0 0

z� is the location of the free boundary between the com-
pressed and uncompressed layers. Between z� � z� h , theeq
suspension is in its original uncompressed state with volume
fraction � . z� is, as mentioned above, not normally mea-0
sured.

Boundary conditions
At the interface between the uncompressed layer and the

supernatant liquid

zsh , �s� and ps0. 3Ž .eq 0

At the free boundary between the compressed and uncom-
pressed layers

zs z� , �s� and ps p . 4Ž .0 0

� is known, but p is not.0 0
Equations 1�4 form the starting point of the present inves-

tigation. They are also the equations used by Green et al.
Ž .1996 in their computation. For a discussion of the physical
assumptions that led to this set of equations and boundary

Ž . Ž .conditions, see Buscall 1982 and Buscall and White 1987 .

Dimensionless Variables and Equations
To ensure generality of the computational scheme to be

developed, the following scaling factors are introduced: refer-
ence lengthsR, reference volume fraction s � , reference0
acceleration s g s g , and reference stress sN m a xD

� � g R� . Based on these factors, the following dimen-max 0
sionless variables follow naturally: Zs zrR, H sh rR, Z�

eq eq
� Ž .s z rR, �s�r� , Gs grg , and Ps pr � � g R� .0 max max 0

The physical meaning of these dimensionless variables are
self-evident. In dimensionless form, the empirical data be-

Ž . Ž . Ž . Ž .come H , G , H , G , H , G . . . H , G s1 .eq1 1 eq2 2 eq3 3 eq N ND D

The dimensionless initial height will be denoted by H s0
h rR. H is also the total amount of solid in the sample in0 0
dimensionless terms. The dimensionless equivalent of the un-
known initial compressive yield stress p will be denoted by0

Ž .P s p r � � g R� .0 0 max 0
The dimensionless governing equations are

dP
sy�G 1yZ , 5Ž . Ž .

dZ

Z�
�� Z dZq H yZ sH . 6Ž . Ž .Ž .H eq 0

Zs 0

In dimensionless form, boundary conditions 3 and 4 be-
come

ZsH , �s1 and Ps0 7Ž .eq

and

ZsZ� , �s1 and Ps P 8Ž .0

respectively. The form of Eq. 5 suggests the introduction of
an alternative independent variable Y defined by

Z 2

Ys Zy G. 9Ž .ž /2

Expressions giving Z and its first derivative in terms of Y,
needed in the subsequent computation, follow directly from
Eq. 9

2Y
Zs1y 1y , 10Ž .( G

and

dZ 1
s . 11Ž .' 'dY G Gy2Y

In terms of Y, Eq. 5 reduces to

w xdP � YŽ .
sy� Y . 12Ž . Ž .

dY

Boundary conditions 7 and 8 now take the form

YsY , �s1 and Ps0 13Ž .eq

and

YsY � , �s1 and PsP 14Ž .0

respectively.
In the uncompressed layer �s1, Eq. 12 simplifies to

dP � YŽ .Ž .
sy1

dY

This can be integrated and combined with the boundary con-
Ž .dition 13 to give P Y sY yY. Imposing boundary condi-eq

Ž �. �tion 14 leads to P s P Y sY yY , that is0 eq

Y �sY yP . 15Ž .eq 0

This last relationship gives Y � in terms of the experimentally
Ž . �measured H and, hence, Y and the unknown P . Zeq eq 0

can in turn be obtained from Y � using Eq. 10.
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Integral Equation of the First Kind
Treating P as a function of �, Eq. 12 can, in principle, be

integrated across the compressed layer to give � as a func-
Ž .tion of Y. This function will be denoted by F Y . According

to boundary condition 14, at the free boundary, �s1 when
YsY �. The value of Y � is not known and changes with the
G of each of the experimental data points. The general solu-

Ž .tion for � Y can be written as

� Y sF Y �yY , 16Ž . Ž . Ž .

Ž .with the understanding that F 0 s1. Substituting Eq. 16 into
Eq. 6 and changing the variable of the integration from Z to
Y gives

� 1Y � �F Y yY dYsH y H yZ .Ž . Ž .H 0 eqž /' 'G Gy2YYs 0

17Ž .

Making a further change of variable � sY �yY, Eq. 17 re-
duces to

� 1� sY
F � d�Ž .H �ž /' '� s 0 G Gy2 Y y�Ž .

sH y H yZ� . 18Ž .Ž .0 eq

The righthand side of this equation represents the amount of
solids, in dimensionless terms, that resides in the compressed
layer when equilibrium has been reached. It can be evaluated

Ž .for each of the experimental data points G , H using ani eq i
Žassumed value of the free parameter P after using Eqs. 150

� � .and 10 to obtain Y and Z , respectively . This quantity will
be denoted by Q M, is1, 2, . . . N . Superscript M is used herei D
as a reminder that these are experimentally measured quanti-
ties. Equation 18 can now be regarded as an integral equa-

Ž .tion for the unknown function F � for the assumed value of
P . It is in the form of a Volterra integral equation of the0

Ž .first kind that is known to be ill posed Engl et al., 2000 .
In discretized form the lefthand side of Eq. 18 becomes

Y �
i � F � �i j jCQ s , is1, 2, . . . , N .Ýi D�G G y2 Y y�' Ž .'� s � s 0 i i i jj 1

19Ž .

QC is the computed equivalent of Q M. � , for js1, 2, . . . N ,i i j K
are the discretization points of the independent variable 0F

� Ž .� FY and � � is the step size. F is the discretized F �N jD

at � . � is the coefficient arising from the numerical schemej i j
used to approximate the integral in Eq. 18. For example, for
Simpson’s 1r3 rule, � s2r3 when j is odd and 4r3 when jthi j
is even. Depending on whether the Y � associated with thei
ith experimental data point coincides with a discretization
point, the last � associated with this point may have to bei j
adjusted, by interpolation, to allow for fractional step size.

The deviation of QC from Q M, expressed as a fraction ofi i

the total solids in the sample, is

Y �
i � F � �i j jMQ y Ýi �G G y2 Y y�' Ž .'� s � s 0 i i i jj 1

	 si H0

Y �M iQi
s y A F 20Ž .Ý i j jH0 js1

or, in matrix notation, �sQ MrH y AF. Q M is the N �10 D
column vector of Q M and A is the N � N matrix of coeffi-i D K
cients of the unknown column vector F. A is given by

� � �i j

�G G y2 Y y�' Ž .'i i i j
A s ,i j H0

is1,2,3 . . . N ,D

js1,2,3 . . . N . 21Ž .K

As the number of discretization points N is larger than theK
number of data points N , A is not a square matrix and can-D
not be inverted to give a unique F. Instead F is selected to
minimize the sum of squares of 	 , that is, to minimizei

T TN M M M MD Q Q Q Q
2 T	 s� �s y AF yAF sÝ i ž / ž / ž / ž /H H H H0 0 0 0is1

Q M
T T T T Ty2 F A qF A AF 22Ž .ž /H0

It is worth pointing out that in many applications of
Tikhonov regularization, instead of minimizing the fractional
deviation defined in Eq. 20, the absolute deviation between
the computed variable and its experimentally measured coun-

Ž .terpart is minimized. See, for example, Weese 1992 . Using
fractional deviation in preference to absolute deviation, as in
the present investigation, means that the data points at high
and low G are weighted equally.

Tikhonov Regularization
Because of the noise in the experimental data, minimizing

T Ž . Ž� � will not in general result in a smooth F � Engl et al.,
. Ž .2000 . To ensure a smooth F � , additional conditions, regu-

larization conditions, have to be imposed. In the present in-
vestigation, the additional condition is the minimization of
the sum of squares of the second derivative d2Frd� 2 at the
internal discretization points. In terms of the column vector
F, this condition takes on the form of minimizing

2N y1 2K d F T T Ts � F � F sF � � F 23Ž .Ž . Ž .Ý 2ž /d�js 2 j
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where � is the tri-diagonal matrix of coefficients arising from
the finite difference approximation of d2Frd� 2

1 y2 1
1 y2 1

1 y2 1 1
�s . 24Ž .. . . . . . . 2

� �Ž .. . . . . . .
1 y2 1

1 y2 1

Ž .In Tikhonov regularization Engl et al., 2000 instead of min-
imizing � T� and FT� TF separately, a linear combination of
these two quantities Rs� T�q
FT� T� F is minimized. 
 is
an adjustable positive weighting factor that controls the ex-
tent to which the noise in the experimental data is being fil-

Ž . Ž .tered out. It balances the two requirements on F � : i fit-
Ž .ting the centrifuge data and ii remaining as smooth as pos-

Ž .sible. A large 
 will give a smooth F � , but at the expense
of the goodness of fit of the experimental data. The most
appropriate value of 
 depends on factors such as the noise
level in the experimental data, the number of data points N ,D
and discretization points N , and the numerical schemes usedK
to approximate the integral in Eq. 18 and the second deriva-
tive in Eq. 23. It is neither a property of the material under
test, nor a parameter of the apparatus used in the measure-
ment.

Minimizing R requires

� R
s0, js1,2, . . . N 25Ž .K� Fj

This gives a set of linear algebraic equations for F. It can be
Ž .shown Shaw and Tigg, 1994 that the F which satisfies Eq.

25 is given by

Q M
y1T T TFs A Aq
� � A . 26Ž .Ž . ž /H0

This is the ‘‘solution’’ to the Volterra integral equation, Eq.
18, given by Tikhonov regularization.

Algebraic Equation Relating � and p0

In normal Tikhonov regularization computation 
 is a pa-
rameter that can be freely adjusted. However, because of the
unknown free boundary between the compressed and uncom-
pressed layers, 
 is not a free parameter in the inverse prob-
lem of centrifuge measurement. Instead, 
 depends on the

Ž .assumed value of p or, equivalently, P . The equation re-0 0
lating 
 to p will now be developed.0

From the way it was obtained, it can be seen that the solu-
tion given by Eq. 26 depends on P and 
. This dependence0

Ž .will be made explicit by denoting the solution as F � , P , 
 .0
In terms of this solution the boundary condition 14 becomes

F � s0, P , 
 s1. 27Ž .Ž .0

This equation can be regarded as a nonlinear algebraic equa-
tion relating P and 
. For any appropriately specified P ,0 0
the associated positive 
 is found by solving Eq. 27 using
standard Newton-Raphson procedure.

However, it should be noted that, depending on the size of
and the noise level in a data set, there may not be a combina-

Ž .tion of P �0, 
�0 that satisfies Eq. 27. Also, the com-0
pressive yield stress curves associated with the physically

Ž .meaningful solutions P , 
 of Eq. 27 may not be sufficiently0
smooth and monotonic. In such events it was found that by
increasing the number of data points N or reducing the noiseD
level by pre-filtering will often overcome the problem. This
will be demonstrated by the two case studies presented be-
low.

From the above description, it can be seen that for the
inverse problem of centrifuge measurement the free regular-
ization parameter 
 has been replaced by the free physical
parameter p . The outcome of the Tikhonov regularization0
computation is thus not a single solution, but a family of solu-
tions of Eq. 27 each associated with a particular combination

Ž . Ž . Ž .of P , 
 , P , 
 , P , 
 . . . . A method based on the01 1 02 2 03 3
Ž .L-curve Engl et al., 2000 will be used to select the most

Ž .appropriate value for P from all the possible P , 
 combi-0 0
nations. Details of the L-curve method will be described in
the Discussion section with reference to a specific example.

Ž .With an appropriate P and the resulting F � provided0
by Tikhonov regularization, Eq. 12 together with the bound-

Ž .ary condition 14 in the form P � s0 sP can now be inte-0
grated numerically, by standard Runge-Kutta procedure, to

Ž .give P � . Finally, the required dimensionless volume frac-
Ž .tion vs. compressive yield stress relationship P � is ob-

Ž . Ž . Ž .tained by combining � � and P � . Provided the F �
generated by Tikhonov regularization is smooth and mono-
tonic, the resulting compressive yield stress vs. volume frac-
tion curve will also be smooth and monotonic.

Data and Results
( )a Synthetic data and results

Ž .Following Green et al. 1996 , the power-law equation

8�
p � s100 y1 28Ž . Ž .Y ž /0.18

was used to generate a set of eight synthetic h vs. g dataeq
points. The relevant experimental conditions, taken from

Ž . y3Green et al. 1996 , are: h s0.0885 m, � �s1,212 kg �m ,0
Rs0.1558 m, and � s0.194. To simulate experimental0
noise, Gaussian noise with zero mean and standard deviation
of 5% was added to the synthetic data generated by Eq. 28.
The resulting ‘‘noisy’’ data are shown in Figure 2 as open
squares. This level of random noise should be compared

Ž .against the 2% noise imposed by Green et al. 1996 . The
purpose of introducing this relatively high level of noise is to
push the Tikhonov regularization procedure beyond its limits
and to investigate possible remedies when the procedure fails.

Ž .Green et al. 1996 has shown that, when the noise level is
high, direct processing of the centrifuge data does not lead to
physically sensible results. To overcome this problem, they
pre-filtered the data prior to processing. Tikhonov regular-
ization is able to cope directly with the synthetic data from
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Figure 2. Simulated centrifuge data.
Open squares are data with 5% imposed noise and filled
circles are pre-filtered data.

Eq. 28 with 2% imposed noise, but fails when the noise level
is increased to 5% and beyond, that is, the resulting compres-
sive yield stress curves are not physically acceptable. Pre-
filtering of the noise becomes necessary. In the present inves-
tigation pre-filtering is achieved by fitting a curve of the sim-
ple form

h g skg m 29Ž . Ž .eq

through the noisy data points. k and m are constants deter-
mined by least-squares fitting. The filled circles in Figure 2
are the pre-filtered data and the curve going through these
data points is Eq. 29. The form of Eq. 29, suggested by Bus-

Ž .call and White 1987 , is based on the empirical observation
that, on a log-log plot, centrifuge data points are very close to
linear. It is the simplest curve that can fit the data satisfacto-
rily.

Ž .The p � relationship obtained by Tikhonov regulariza-Y
tion from the pre-filtered data is shown in Figure 3. The dis-
crete points on this plot are the results of Tikhonov computa-

Figure 3. Compressive yield stress curve.
The continuous curve is Eq. 28 and the discrete points are
by Tikhonov regularization.

Figure 4. h rrrrrh vs. g data for the ZrO suspension.eq 0 2
Ž .Filled circles are experimental data Green and Boger, 1997

and the filled square is by Eq. 29. The curve is based on the
results of Tikhonov regularization.

tion and the continuous curve is the original power-law Eq.
Ž .28. In arriving at this p � , different p and its associatedY 0


 were tested out. The final choice is p s90.27 Pa. See Dis-0
cussion below.

( )b Zirconium dioxide ZrO suspension2

In their evaluation of the various methods of measuring
Ž .compressive yield stress, Green and Boger 1997 published

several sets of experimental multiple-speed centrifuge data.
A typical set is reproduced here in Figure 4 as filled circles.
These data are for an aqueous suspension of zirconium diox-

Ž y3.ide ZrO �s5,720 kg �m at pH of 7.1. The initial vol-2
ume fraction is � s0.15 and the initial height h s0.09250 0
m. The distance to the base of the centrifuge tube is Rs0.149
m. These experimental conditions were taken from Green and

Ž . Ž .Boger 1997 and supplemented by data from Green 1997 .
It was found that, with the original 5-point data set, Eq. 27

does not have a physically meaningful solution, that is, one
where P �0 and 
�0. A least-squares curve, not shown, of0
the form in Eq. 29 was fitted through the filled circles in
Figure 4 to filter out the experimental noise and to generate
an extra data point at gs300 m � sy2. This extra point is
shown as a filled square in this figure. The six data points in
Figure 4 are treated as a combined set in Tikhonov regular-
ization.

Ž .The p � obtained by Tikhonov regularization for thisY
ZrO suspension is shown in Figure 5 as a continuous curve.2
The volume fraction covered by this curve is from the initial
volume fraction of 0.15 to just over 0.35. To arrive at this
curve, different p and the associated 
 were again investi-0

Ž .gated. For the curve in Figure 5, p s 649.93 Pa see below .0
The discrete points in Figure 5 are the results of Green and

Ž .Boger 1997 , which are included here for comparison. Their
results are based only on the five original experimental data
points in Figure 4.

Discussion
Ž .For most suspensions p � , is a positive, smooth, andY

monotonically increasing function. In all the cases investi-
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Figure 5. Compressive yield stress vs. volume fraction
for ZrO suspension.2
The curve is by Tikhonov regularization and the discrete

Ž .points are from Green and Boger 1997 .

gated the results of Tikhonov regularization meet all these
physical requirements. However, as shown by the two case
studies, the centrifuge data may have to be pre-filtered or
augmented if the Tikhonov regularization procedure devel-
oped here is to function properly, that is, so that Eq. 27 has
acceptable solutions for a sufficiently wide range of p .0

Ž .Pre-filtering is necessary because the p � curve is veryY
sensitive to the noise in the experimental data. For example,
if the noisy data set in Figure 2, denoted by the open squares,
is used directly in the Tikhonov regularization procedure, the

Ž .resulting p � is not monotonic for all the combinations ofY
p �0 and 
�0 that satisfy Eq. 27. Numerical experimenta-0
tion showed that this difficulty can be overcome by pre-filter-
ing the data using the simple Eq. 29.

Ž .In their investigation Green et al. 1996 used different
polynomial curves to filter out noise. They found that their
result is very sensitive to the functional form of the curve
assumed. This is because a key step in their method of ob-

Ž . Ž .taining p � requires the slope of the h g vs. g curve.Y eq
They obtained this by evaluating the derivatives at selected
points of the fitted least-squares curve. The procedure based
on Tikhonov regularization does not involve such a noise am-
plification differentiation step. Equation 29 is only used to

Ž .filter out noise and, if necessary, to generate an extra h , geq
Ž .data point. Consequently, the resulting p � is far less sen-Y

sitive to the functional form of the curve assumed.
A closely related problem encountered in the treatment of

multiple-speed centrifuge data is the extremely small size of
the experimental data set. The time and effort required to
perform centrifuge measurements rarely permit the gathering
of more than 5 to 10 points in a single data set. The ZrO2

Ž .data Green and Boger, 1997 in Figure 4 with only five points
is an example of a small data set. As mentioned above, with
this 5-point data set, Eq. 27 does not have an acceptable so-
lution. The physical origin of this problem can be traced to
the paucity of data points at sufficiently low g. Such data

Ž .points are needed to fix the shape of p � at � close toY
initial volume fraction � . This difficulty was overcome by0
using Eq. 29 to generate the extra data point at gs300 m �

y2 Ž .s . Buscall and White 1987 discussed the use of such an
equation to augment limited experimental data points. A
more satisfactory, but more costly, solution is to perform ad-
ditional centrifuge measurements at low rotational speeds.
These extra experimental data points will improve the relia-

Ž .bility of the p � curve at low �.Y
Ž .Green and Boger 1997 were able to obtain the compres-

sive yield stress of the ZrO suspension without resorting to2
data augmentation. Since their compressive yield stress re-

Ž .sults do not extend to the neighborhood of � see Figure 5 ,0
they do not have to deal explicitly with Eq. 27 or its equiva-
lent as the boundary condition at the free boundary. This is a
possible explanation why data augmentation becomes unnec-
essary in their investigation.

For the synthetic data in Figure 2, Tikhonov regularization
computation has been carried out to generate a family of so-
lutions for p between 0 Pa and 179.07 Pa. It was observed0
that the 
 given by Eq. 27 decreases with p as p increases0 0
from 0 to 179.07 Pa. For p �179.07 Pa, Eq. 27 does not0
have a positive solution for 
. Thus, the family of solutions
provided by Tikhonov regularization is restricted to 0� p �0
179.07 Pa. Solutions outside this range do not have any physi-
cal meaning.

Ž . ŽTo arrive at a unique p � , the L-curve method Hansen,Y
.1992 is used to select the most appropriate p from within0

the range 0� p �179.07 Pa. In this procedure the value of0
T Ž . T� � a measure of accuracy is plotted against that of F
T Ž .� � F a measure of smoothness for various assumed values

of p . Such a plot, referred to as the L-curve, for the syn-0
thetic data in Figure 2 is shown in Figure 6. The value of p ,0
or equivalently the associated 
, appears as the independent
parameter that varies along the L-curve. This curve begins
with the parameter p s 0 Pa at the righthand end of the0
plot and terminates at p s179.07 Pa on the left where 
0
approaches zero.

In most inverse problems, the L-curve is presented on a
log-log format and takes the shape of an L with a very sharp

Ž .corner hence, the name for this procedure . The most ap-
Žpropriate value of the regularization parameter 
 or p in0

. Žthe present problem is the one at the corner of the L Han-
.sen, 1992 . Normally, the two arms of the L-curve can, in

principle, be extended indefinitely by letting 
 vary over sev-

Figure 6. L-curve for the data in Figure 2.
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Figure 7. Scaled L-curve for the data in Figure 2.
The open square marks the ‘‘corner’’ of the curve.

eral orders of magnitude. The L-curves arising from cen-
trifuge measurement differ from the normal L-curve in two
significant ways. First, as explained above, the L-curve of
centrifuge measurement can only be constructed for a finite
range of the parameter p . Second, the L-curve of this prob-0
lem does not have a sharp corner. See Figure 6. Conse-
quently, the L-curve does not lead to a well-defined value for
the most appropriate p .0

This lack of a sharp corner can be partially remedied by
re-plotting the L-curve in terms of the following scaled coor-
dinates

� T� y � T�Ž . Ž .i minL s , 30Ž .Xi T T� � y � �Ž . Ž .max min

FT� T� F y FT� T� FŽ . Ž .i minL s 31Ž .Yi T T T TF � � F y F � � FŽ . Ž .max min

for the set of points p , p , p , . . . p . . . in Figure 6. Fig-01 02 03 0 i
ure 7 is the scaled equivalent of Figure 6. Because of the way
they are defined, the scaled coordinates L and L both lieXi Yi
between 0 and 1. The scaled L-curve is more symmetrical
about the diagonal line L sL . The ‘‘corner’’ is now takenX Y
to be the neighborhood of the intersection of the scaled L-
curve with this diagonal line. This ‘‘corner’’ is marked by the
open square in Figure 7. The value of p at this point is0
90.27 Pa. This is the value used to generate the computed

Ž .p � curve in Figure 3. Numerical experimentation revealsY
that small changes in p about the ‘‘corner’’ only affects0

Ž . Ž .p � at low �. The p � curve for large � is not signifi-Y Y
cantly affected.

This modified L-curve method was also used to locate the
value of p for the ZrO suspension. In this case at the0 2
‘‘corner’’ of the curve p s649.93 Pa. This is the p for the0 0

Ž .p � in Figure 5. The range of p over which the L-curveY 0
can be constructed is 0� p �1134.52 Pa.0

A number of checks have been performed on the results of
Tikhonov regularization. Figure 3 shows a comparison of the

Ž .computed p � against the original power-law Eq. 28.Y

Tikhonov regularization clearly has been able to reproduce
Ž .the original p � curve to a high degree of accuracy at highY

volume fraction � even in the presence of the 5% imposed
random noise. Because of the noise in the synthetic data, the

Ž .computed p � curve is not very smooth. However, it satis-Y
fies the positive monotonic increasing requirement. Numeri-
cal experimentation shows that as the noise level is reduced,
not only does the resulting curve become smoother it also
approaches the theoretical Eq. 28 over the entire range of �.
When the noise is sufficiently low, Tikhonov regularization
can be applied to the noisy data directly without having to go
through the least-squares pre-filtering step.

More significantly, comparison with the original power-law
equation shows that the modified L-curve method has se-
lected a p of 90.27 Pa, which is approximately 10% above0
the theoretical value of 82.07 Pa. As the noise level is re-
duced or when additional low centrifuge speed data are
available, numerical results show that the modified L-curve
method will converge on a more accurate p and this is ac-0

Ž .companied by improvements in the computed p � curve.Y
Figure 5 shows that, at higher volume fractions, the com-

Ž .puted p � curve is in very good agreement with the dis-Y
Ž .crete results of Green and Boger 1997 . In view of the fun-

Ž .damentally different approach adopted by Green et al. 1996
compared to that of the present investigation, this level of
agreement is quite unexpected.

For the ZrO suspension, the modified L-curve procedure2
gave a p of 649.93 Pa. This value appears to be physically0
reasonable, but there is no available experimental data to
verify its accuracy. It is, however, of the correct magnitude

Ž . Ž .when compared to some of the p � curves in Green 1997Y
for various ZrO suspensions under similar conditions. The2
lack of sharpness of the scaled L-curve means that the value
of p cannot, in general, be determined to an accuracy better0
than approximately �10%. As with the synthetic data, the

Ž .reliability of the computed p � at low � for the ZrO sus-Y 2
pension can be greatly improved if additional low g data
points are available.

Ž .Most existing methods of obtaining p � require an ex-Y
tensive amount of iterative curve fitting and numerical differ-
entiation. As a consequence, these methods normally only
compute the compressive yield stress at a small number of
discrete �. An obvious advantage of Tikhonov regularization

Ž .is that it generates an entire p � curve, for � F�F�Y 0 max
where � is the highest volume fraction of solids attainedmax
in the centrifuge data set. This represents the maximum
amount of information that can be extracted from the data
set.

It is also worth noting that existing methods of obtaining
Ž .p � usually do not permit the computation of the compres-Y

sive yield stress close to � . See, for example, the results of0
Ž .Green and Boger 1997 in Figure 5. The Tikhonov regular-

ization procedure developed here, because it incorporates the
� Ž .condition at the free boundary at z , is able to obtain p �Y

in the neighborhood of � where the curve is highly nonlin-0
Ž .ear and, hence, less predictable. The shape of the p �Y

curve in this region is of some practical importance as it char-
acterizes the behavior, during the initial stages, of any dewa-
tering process.
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Ž .As a final check, the computed p � in Figure 5 was usedY
to compute the complete equilibrium height vs. rotational
speed curve for the experimental conditions in question. The

Ž .computed h g curve is shown in Figure 4. Apart from theeq
single point at the lowest rotational speed, the computed re-
sult is in very good agreement with the experimental data of

Ž .Green and Boger 1997 . Since the computer program used
Ž .to solve for h g , the direct problem, is completely inde-eq

pendent of the Tikhonov regularization program for the in-
verse problem, this agreement can be regarded as an inde-
pendent validation of the results of Tikhonov regularization
computation.

Conclusion
Ž .The problem of extracting the p � relationship from theY

multiple-speed centrifuge data of a suspension has been for-
mulated as an integral equation of the first kind. It has also
been demonstrated that Tikhonov regularization is an effec-
tive and relatively simple method for solving this inverse
problem. The L-curve provides a suitable means of locating
the compressive yield stress at the initial volume fraction of
the suspension. For a noisy or small data set, it may be neces-
sary to pre-filter the noise or to augment the data at low
rotational speeds.
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